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Abstract

We show that the best way to study the relationship between quantum
entanglement and quantum squeezing for the multimode case is through
constructing the new n-pair entangled state representation |1),. The explicit
form of the 2n-mode squeezing operator which squeezes the n-pair entangled
state can be directly derived via the transition from |n), to [Mn),, where M is
an n x n complex matrix, and the technique of integration within an ordered
product of operators. We also analyze the squeezing properties of the 2n-mode
squeezed state for M being Hermitian, and obtain the variances of the 2n-mode
quadrature operators in the 2n-mode squeezed vacuum state with a concise
result; the condition for reaching the minimum of the uncertainty relationship
is also investigated.

PACS numbers: 42.50.Dv, 03.65.Ud

1. Introduction

Recently, quantum entanglement has been paid much attention because of its applications in
quantum optics [1, 2] and quantum information. It was first pointed out by Einstein, Podolsky
and Rosen (EPR) [3] in their famous paper arguing the incompleteness of quantum mechanics.
EPR introduced the common eigenwavefunction for two particles’ relative position Q1 — Q»
(with the relative distance Q) and their total momentum P; + P, (with the eigenvalue Py),

1
W (Q1, Q2) = expliPy(Q1 + Qz)/ﬂg/dp explip(Q1 — 02— Q). (D

which describes a sharply correlated two-particle system. Enlightened by EPR, in [4, 5] the
simultaneous eigenstate |n) of the two commutative operators Q1 — Q,, P; + P, is found in
two-mode Fock space:

In) = exp [~ L% +na] — n*a} +alal]|00), )
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where n = n; +in; is a complex number, |00) is the two-mode vacuum state, a;, aJ, i=1,2,

are the two-mode Bose annihilation and creation operators in Fock space, |00)(00| =:
exp [—a{al — a;az]: . With the help of the technique of integration within an ordered product

(IWOP) of operators [6], we have the completeness of the states |7):

dzn _ dzn 2 T * 1 Tt * *
- [n){(nl = — &P [—InI* + naj — n*a} +aja}]100)(00] exp[n*a; — n*a; + aras]
= dz—n'ex [—In)*+ (aT— ) — *(aT+a)+aT 'vayay —ala, —ala ]:
= T p n ma, —az n\a,+a 14 1z 1a1 has |-

=1. 3)
Furthermore, the states |n) are orthonormal, i.e.
(n'ln) =282 (' = m). )

It is remarkable that the two-mode squeezing operator [9, 13] has a natural representation in
the entangled state |n) [7]:

d2
S, = f =1
754
where = e* is a real squeezing parameter. This fact provides an intuitive explanation as
to why the signal mode and the idler mode of a two-mode squeezed state produced from a
parametric down-conversion process are entangled with each other and constitute an entangled

state.
Using the technique of IWOP to perform the integration in equation (5) we have

3><n|, 5)
7

A

, I|n
Sz = exp [k(a}a; — alaz)], Sz|77) = ;‘;>, (6)

so the two-mode squeezing operator squeezes |7) in a natural way. This indicates that at least
for the two-mode case squeezing is associated with quantum entanglement. An interesting
question thus naturally arises: is there a 2n-mode squeezing operator which squeezes the n-
pair entangled state? If yes, what is the corresponding explicit form of the 2n-mode squeezing
operator?

In order to answer these questions, hinted by equation (6), we should employ the
technique of IWOP to construct the n-pair entangled state; this would bring convenience
for studying the 2n-mode squeezing. This paper is arranged as follows. In section 2, we
construct the n-pair entangled state representation |77),. In section 3, we introduce the 2n-
mode squeezing operator in the |n), representation by constructing the bra-ket integration

operator U(M) = /det(MM) f ‘j::’ IMn)n(n|, where M is an n x n nonsingular complex
matrix, and then use the IWOP technique to derive its normally ordered form. Then in
section 4, the explicit form of the 2n-mode squeezing operator in the |£), representation,
which is conjugate to |n),, is also presented. In order to show the squeezing behavior more
clearly, in section 5 we present the compact form of the 2n-mode squeezing operator and
analyze the squeezing properties for M being Hermitian. In section 6, we derive the variances
of the 2n-mode quadrature operators in a 2n-mode squeezed vacuum state with a concise result;

the condition for reaching the minimum of the uncertainty relationship is also investigated.
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2. n-pair entangled state representation |7),, in Fock space
First of all, we introduce the n-pair entangled state
m

n 1 B
M = Im)lm2) -+ Ima) = || >=6Xp <—§n*rn+A”n—B*Tn*+A*TB')|00>, (7

Nn
where
n=.n,....0)", nt =0T,
N = Nk +1inu, kK = 1,2, ..., n, are complex numbers,
T oot i T oot T\T
Al =(al,a3,...,a2'n_1) , BT:(az,a4,...,a2n) ,

and |00) is a 2n-mode vacuum state, |00) (00| =: exp[—A” A — B"B]:. Here and henceforth,
the superscript ‘7" indicates the transpose matrix of the corresponding matrix. By virtue of
equation (3), the completeness of the states |n), can be proved, i.e.

d’n d’n N .
f;lmnn(nl =/ — exp(=n""n+Al'n — By

+ATBH]00) (00| exp(ATn* — B 'y + ATB)

d? ,
= / rrn : exp[—n*Tn + AT —B)np

PR

+(AT —BTMn* +ATB' + ATB — ATTA — B'"B]:
=1; ®)

here and henceforth we define d>n = d?n, d*n; - - - d*n, for simplicity. Using equation (4),
we demonstrate that |n), are orthonormal, i.e.

W00 = 78Dy — 08Py — ma) - 8P (), — ny) = "8’ — ). (9)

The eigenequations satisfied by the state |n), are

(A —BYn), = i), B —AD ), = —n*In)a. (10)
Since

0= Jla+al).  Po=—(a—d)) an

«/E k ﬁi k

we obtain

(04— 0B)IM)n = 2017, (12)
and

(Pa + Pg)|m)n = V215110, (13)

where Q4 = (Q1, 03, .-+, Q2-1)", Qp = (02, Q4, ..., Q2)" .
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3. Normally ordered 2rn-mode squeezing operator derived through the |1),,
representation

Enlightened by equation (5), we construct the following ket-bra integration operator which
maps |n), to /det(MfM)|Mmn), in the |n), representation:

d2
UM) = vdet(M"‘M)/ 7_[_,:7|M"7>nn<"7|a (14)

where M = M, +iM; is an n x n nonsingular complex matrix. As usual, the Hermitian
conjugate of M is defined as M" = M7 — iMJ. It is easy to see that U (M) is unitary, i.e.
2 / 2

n'dn
Ul (M)U(M) = det(MTM)/ —|77 )nn (MU |M77>nn( |
2 ’ 2
= der™) [ L ), nls MG = )
dz,’]/ d2
- / |77>nn< |8(”7_7’/)
"
=1 (15)
We also have the multiplication rule (group property, isomorphism)
2 / 2
U(M/)U(M) \/det(M/TM/)\/det(MTM)/ —|M/ />nn<77 |M77>nn< |
2 ’ 2
= \/det((M/M)‘M’M)/ M), (018 (' — M)

= /det((M'M)IM’M) / F|M’Mn>nn<nl

= UMM). (16)
The transformation on Q4 — Qp and P4 + Pp induced by U (M) is

L . %
U'(M)(Q4 — Qp)UM) = U'(M)y/det(MM) / ,,,7
, d?
= UMt [ VM) M

: e
= UM det I [ 1Ml 2 My, = M)
=M;(Q4 — Op) — My(P4 + Pp) a7

Q)M (1]

and

. d?
UT(M)(Ps + Pp)UM) = UT(M)+/det(M'M) / n_:’(PA + Pg)[IMn) (0]
dZ
= U (M)/det(MIM) / —V2(Map)a[Mn), (o
d2
= U' (M) /det(MIM) / —V2IMn) (1] (Mimy + Mo

=M (Ps + Pp) + M2(Qa — O5). (13)
We can combine equations (17) and (18) as a more compact expression
U'(M)OU (M) = MO, (19)
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where
O = (04— 0p)+i(Py + Pp). (20
That s, if we pretend that Q 4 — Q p and P4+ Pp are real, and separate the ‘real’ and ‘imaginary’

parts of both sides of equation (19), we retrieve equations (17) and (18).
To get the explicit form of U (M), we use the IWOP technique

d2
U = VMM [ M
d277 1 7 t T TT WA o Tt
= VaetMM) [ —Texp (—n" MMn + AT Mn — B"M" " + AT'B' ) 00) (00)
nn
1
X exp (‘577*T77 +ATn* —BTn+ ATB>

2
= /det(MM) / C:T—:’

— I T @A+ MM)n + (AT"M — B")n — BITM* — AT)n* o
P +A'TBT + ATB — ATTA — BB, B
where I is the n x n unit matrix. Further, using the integral formula
dznZ *T T T = 1 T ~—1
exp(—Z" CZ+& Z+n' L") = —expl§' ¢ 1l
" det¢
where d**Z = dz; dz1o dzo1 dzo - - - dzin dzon, Z = (Z1, Zo, ..., Zy)T, ¢ isann x n positive-

definite matrix, £ and n are the complex column matrices, we perform the final integral in
equation (21) and obtain the explicit form of U (M)

2" /det(MM)
= det(1+ MIM)

+ATB +ATB — ATTA — BI"B]:

2",/det(MTM)
= det(1+ MM)

-exp[ATT In2M(1 + M'M)"HA + BT In2M*(1 + MTM*)~1)B]

T —

-exp [BT %A] , (22)
where we have applied the operator identity
exp[ATT KA] =: exp[ATT (exp K — )A] : .

UM) exp[—2(ATT™M — BT)(1 + M'M) "' (M'B' — A)

exp[ATT(1 —2M1 + M'M)~'M"HB']

4. The form of 2n-mode squeezing operator U (M) in the |£),, representation

We construct another 2n-mode entangled state as

31
& *T

1€ = 161) 162) - £0) = :2 >=exp(—€2€+A*T£+B*Ts*—A*TBT) 00),  (23)
n

where

EZ(ElvEZv'-'sSn)Tv £*Z(§1*v‘§;vvé::)T9
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E =& +iby, k=1,2,...,n
T (4T A1 i T R AT
Al = (al, a3, e 7a2n_1) ) BT — (az,a4, e ’aZn) .

Similarly, |£), are complete and orthonormal:

d2
/ gIS)nn(£| =1
ah

(24)
n(f |£)n = 77”6(5 - S)
The relationship between |£),, and |n),, is
1
n&lm)n = 57 exp[—i (0162 —m2 &) ],
(25)

d2
|n>n—/ nf|£>nn (&lm)n f(z [ ex xp [—i (] & —m3€1)]

where d’¢ = %, P&, my = mmae ) M = Onmas )" € =
€, 8" & = (21,62, ..., &,)". From equation (25) we know that , (§|n), is
a Fourier transformatlon kernel, so |&), is conjugate to |n),. Furthermore, |£), satisfies the

following eigenvalue equations:

(Qa+ 0B)IE), = V2£,1€), (26)

and
(Ps — Pp)I€), = V26,(€), 27)

The 2n-mode squeezing operator U (M) can be expressed in the representation |£), as

d2
UM) = /det(MM) / n—flenn(nl
d2 d2 d2 /
= det(MTM)/ 7_[:’ E —£|£>I‘H‘l<€/|

Qn)" 2n)"
x exp [—i (M) &, — Mg, —ni &, +n€))]

d2 d2 2n
— /detMIM) / - f o e>nn<£|( D7 5 —Mig)

= v/det(M'M) / —21€)un (MTE] . (28)

Hence the transformation on Q4 + Qp and P4 — Py induced by UM) is

UTM)(Q4 + Qp)UM) = /detMIM)UT(M)(Q 4 + Op) / an(MTE|
= /detMM)U (M) / n—f«fzals)nn(wa

=N{(Qa+ Qp) + NI (P4 — Pp) 29)
and
. _ d2
UT(M) (P4 — Pg)UM) = /det(MIM)U'(M)(P,4 — Pg) / nf Yun (M€
2
— JdtMIMUT (V) / i—fﬁézlém Mig]
=N (P4s— Pp) — NI (Qa+ Qp), (30)

where for the simplicity of writing we have introduced N = N; +iN, = M.

6
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Similar to (19), we can combine equations (29) and (30) to
U'M)O0'UM) = N0/, (31)
where

O = (Qa+ Qp)+i(Ps — Pp). (32)

5. The compact form of U (M) and its physical interpretation

In order to show the squeezing behavior of U (M) more clearly, based on equations (17), (18),
(29) and (30), we can write down the transformation on AT, A, Bf, B:

M'+N —Mi
2+ 0 O N 2M
, . . , 0 MT+N* N -MT 0
Ut A, BT, AT, BHUM) = (AT, BT, A", BT) R
0 N M7 MT4N* 0
2 2 N
N-M! Mi+
2 0 0 2
(33)
Thus according to [12], we obtain the compact form of U (M) straightforwardly:
UM) = exp[—1 (AT, B, AT, BHT(A, BT, A", B")7], (34)
where
1 M
a0 0 5 0 0 10
0 M’ +N* N*—M 0
T =l — ] —Tz 0 0 0 1
0 N*—ZM M 2+N* 0 -1 0 0 0
NszT 0 0 M;+N 0O -1 0 0
0 0 1 0
0 0 0 1
=yl 0 0 o 4
0 -1 0 0
We note that the matrix y can be block diagonalized by the orthogonal matrix
1 1
a0 0y
0 = —-= 0
R=| 590 | (36)
1 2 1
N
y = Rdiag{M', M” N* N}JR™!. (37)
So we can calculate the exact form of the matrix I':
In M+1n MY InMf—InM
0 5 > 0
lnMTglnM* 0 0 lnMT;lnM*
L= lnM*;lnMT 0 0 —lnM*ZflnMT ’ (38)
nM-InM!  —InM—InM'
O n 211 n 5 n 0
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Finally, we have the compact form of the operator

- InM + InM{ pInM+InM'_
UM)=exp|B' ———A—-A" —— B
2 2
InM — InM InM — InM
+A‘LT%A _ BTiBT] (39)
For simplicity, we define A = M as the Hermitian part of InM and i® = M as
the anti-Hermitian part of In M, i.e.
AT =A, e =e
(40)
InM =A+i0;
we have the more compact form of equation (39)
UM) = exp[BTAA — ATTAB" +i(ATT®A — BTOB)). 41)

Since A and © are Hermitian, we can find n X n unitary matrices u;, u, that diagonalize A
and O, respectively,

uiAul = diag{ry, ..., A,

42)
u,Oul = diag{éy, ..., 6,}.
If ® = 0, that means M = exp A is positive definite, then
UM) = exp[BTAA — ATTABT]
=exp|— > 4;(A/B] - A'B)
=1 ‘
= [Texp [-;(a7B] - A7B))] 43)
j=1
where
A’ =u;A,B = ujB,
[A;,A}]=[B;,B]=0
/ 7 ’ 1
[Bi’Aj] - [AivB}] =0
1 _ R’ B —
(A}, A]] =B}, B!] = 4. (44)

Comparing equation (43) with equation (6), we can find that U (M) describes pure squeezing
between the new modes A’ and B’ with squeezing parameters —2,;.
Similarly, if A = 0, that means M = exp [i©®] is unitary, then

UM) = expli(A”"®A — BT®B")]

=exp|iy 6;(ATA7 - BB
j=1

= [ Jexp[i6;(A}'A7 — B]'B7)]. (45)

j=1
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where

A" =uwA,B" = uiB
(A, A7) = [B]. B}] =0

’ 17 in
[B/.A]=[A/.B"]=0

(A7, A] = [B.B] = 8. o

Equation (45) shows that if A = 0, then U (M) describes the pure simultaneous phase shift
with equal angles 6; but the opposite direction of new modes A” and B”. In general cases that
A # 0 and © # 0, U(M) describes the mixed effect of both squeezing and phase shift.

Since it is A and @ that describe the physics in U (M), not M itself, and the real M does
not guarantee ® = 0, it makes no sense to restrict M to be real. It is appropriate to define
U (M) for the arbitrary nonsingular complex matrix M.

6. The squeezing properties of the 2rn-mode squeezing operator

Theoretically, the 2n-mode squeezed state is constructed by the 2n-mode squeezing operator
acting on the 2n-mode vacuum state; it follows that

2. /det(MTM)
det(1 + MTM)
= 100). A7)

U (M)|00) = exp[ATT (1 — 2M(1 + M'M)~'M")B1]00)

The corresponding optical quadrature phase amplitudes can be expressed as follows:

2n

2n .

1 1 i
X = — i X, = —— P;, X1, Xo] = —=. 48
1 NG IE:I 0 2 NG ;21 [X1, X>] 3 (48)

The variances of the 2n-mode quadrature are defined as
(AX7)? = (00] X7[100) — ((00]X;[00))*, i=12 (49)
From equations (18) and (29), we have

(001X, [100) = (00|UT(M) XU (M)|00)

n

> (00]U (M) (Q4 + Q); UM)|00)

j=1

1
NG
1 n
=37 D (001(NT) (O + Q)i + (N3)  (Pa = Py)il00) =0 (50)

j.k=1

and

(00]1X2 [00) = (00][U (M) XU (M) [00)
= LS 00w an, + Py, UDI00)
2

n

= mJ;I(OO|M]]k(PA + PB)k +M2jk(QA — QB)k|00> =0. (51)
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The variances of the quadrature in ||00) are

(AX1)? = (00] X2]|00)

2
1 n
= - (00jU" (M) [Z(QA + Qg)k} U (M)|00)

k=1
n

1
=2 2 (OOI[(N) ,(Qa+Qp)a+ (ND),, (Pa = Py)a]

joka,p=1
[(NT),5(Qa + Q)p + (NT) (P4 — Pp);]100)

1 n
=5 2 (ND),, (N]),, (001 (Qa + Qp)y (Qu + Q5)5100)
jok.o,B=1
1 n
+— 3 (NI),, (ND),, (00| (Ps — Pg), (Ps— Pp)l00)

4n
Jik,a,p=1

1 n
+— 3 (N]),, (ND),, (001 Qs+ Qp)y (Ps — Pp)l00)

4n
Jik,a,p=1

1 n
+— > (NI),, (NT),; (001 (Pa — Py), (Qa + Qn)sl00)

4n
Jik,a,p=1

= 2 [N, (D), + (0),, (8D,

1 n
= E (N]TN] +NgN2)jk
jk=1

1 n
= > (NN, (52)
n jik=1
where we have used the identities

(00[(Q4 + Op)a(Qa+ 0p)pl00) = dup.
(00| (P4 — Pp)y (Ps — Pp)pl00)
(00{(Q4 + Qp)a(Pa — Pp)p|00)
(00|{(P4 — Pp)o(Qa + Op)pl00)

= 801
! (53)
= O,
0

Similarly,

2
1 n
(AX>)* = (00] X3]100) = 2. (00] LX}PA + PW} 100)

1 n

= 2 (00IMu(Pa+ Pr)a +Maja(Qs — Q)]
J.k,,a,p=1
x [Migg(Pa + Pp)p + Mag(Qa — Q5)p1100)
1 n
= D MiuMug(00[(Ps + Pr)u(Pa + P5)s100)
J.k,a,p=1

10
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1 n
too D MojaMag (00104 — Q5)a(Q4 — Q)5100)

J.k,a,p=1
e LS My Mg (001(Py + Poa(0s — 055100
4n J.k,a,p=1 !
e LS MM (00104 — Qi )ulP+ Py)sl00)
4n J.k,a,p=1 !

1 n
= Z [M je Mgy + My Moo ]
J.k,a=1

1 S T T
=02 (MM] +MoMT)
jk=1

= ﬁj;l MM') , (54)
where we have used the identities
(00|(Pa + Pp)a(Ps + Pp)pl00) = 54p,
(00[(Q4 — OB)a(Qa — 0p)pl00) = dup

(55
(00[(P4 + Pp)oa(Qa — Op)pl00) =0,
(00[(Qa — Qp)a(Pa + Pp)pl00) = 0.
As a general conclusion in quantum mechanics, for the arbitrary state |¢/),
WIAXD) W WIAX)? ) = (W IlIX1 X20Ply) = 5. (56)
we wish to prove this inequality and figure out whether and when expression (29) can take
equal sign for the squeezed vacuum state [) = [|00).
For an arbitrary positive-definite matrix S = u' diag{sy, ..., s,}u, where u is a unitary

matrix and s; are the eigenvalues of S, we have

n n n n
* *
E Sij = E ukiskéklulj = E SkUypUkj = E SkCh (57)
k=1

i,j=1 i,jk,I=1 i,jk=1

where for simplicity we define n non-negative numbers

n n
ES
Cr = E ukl-ukj: E Ui
i=1

ij=1

2
> 0. (58)

¢; satisfy the identity

ZC,‘ = Z uziukj = Z(Sij =n. (59)
i=1

ij.k=1 ij=1
If we define the row-vectors of the unitary matrix u as u;_ = {u;y,...,u;,} and vg =
{1, ..., 1}, equation (58) can be written as

¢ = lu;_- Uo|2 . (60)

11
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So

S (s :<Zslc) (im)

ij=1 ij=1

I
R
]
D
~——
+
N
e
|
v |«
D
O

i=1 i>j
S S 2
l
:n2+ ( =z /2 CiCj
Z s
i>j J !
> n?. (61)

Hence from (52) and (54) we have (note N = M™!)

1 & 1 &
AXDXAX2) = | =3 (NN | | D (MM

Jik=1 Jik=1
1 2 n n
= <4—) > D oM
n jk=1 jik=1
1\>, 1
P 4— n- = 1_6’ (62)
n
where in the last step we considered MM = §, a positive definite matrix, and used

equation (61).

In order to take equal sign in (61), a trivial condition is that all the eigenvalues of MM’
are the same, 5; = s, i.e. MM' = sI, which is not very interesting. In the case that s; # s |
for all i # j, we must have ¢;c; = 0. Since Z?zl ¢; = n, there must be an iy s.t. ¢;, # 0, so
¢; = 0foralli # iyp. By definition, ¢; = |u;_- v0|2, in other words, vectors u;_ are orthogonal
to vy for i # ip. Since u is a unitary matrix, the row vectors of u are orthogonal to each other
and form a complete set of the n-dimensional complex vector space. This implies that the ioth

row of u is u;,_ = f/—% {1,..., 1}, where e is an irrelevant phase factor. Thus, in the case
that there is one row u;,_ = 3‘—; {1,..., 1} in the matrix u, we have (AX|)*(AX»)* = %,

particularly, the variances take the simple form (AX)* = 1/(4s;,), (AX2)? = s;,/4, which
indicates that ||00) is the correct 2n-mode squeezed state.

6.1. Physical implications

Through the above discussions we can see clearly the relationship between the multimode
squeezed state and the entangled state; thus, if one wants to investigate entanglement involved
in a many-body system, one may give rise to the multimode squeezed state. On the other
hand, due to the orthonormal property of |n), as shown in equation (9), we have

UM)In), = v/det(M™™)|Mn),,
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so the squeezing operator squeezes the entangled state |n), in a natural way. Thus, the
wavefunction of the squeezed vacuum state in the entangled state representation can easily be
derived:

IM7'),1 (7100) =, (M~'1|00),

271100} = , ] /det(MITV) /

so the best representation for studying various non-classical properties of the multimode
squeezing state is |7),.

7. Summary

In summary, we have developed the concept of the bipartite EPR entangled state to the case of
2n particle systems. With the help of the IWOP technique, we have constructed the 2n-mode
squeezing operator which squeezes the n-pair entangled state and the squeezing properties
of it are also discussed for M being Hermitian. We have seen that there is an intrinsic
relationship between quantum entanglement and quantum squeezing for the multimode case
through constructing the entangled state representation |n),. Its further applications in the
study of multipartite teleportation, quantum dense coding and entangled fractional Fourier
transformation are under consideration. We expect that the multimode squeezing effect may
be observed or implemented in multiphoton fluorescence, multiphoton ionization and two-
photon lasing processes.
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